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The abelian sigma model in (1+1) dimensions is a eld theoretical model




. An algebra of the quantum eld is de-
ned respecting the topological aspect of the model. It is shown that
the zero-mode has an innite number of inequivalent quantizations. It
is also shown that when a central extension is introduced into the alge-
bra, the winding operator and the momenta operators satisfy anomalous
commutators.
1. Introduction
In both eld theory and string theory there are several models which have manifold-
valued variables, for instance, the nonlinear sigma model and the toroidal compact-
ication model of closed bosonic string. To study global aspects of these models in
quantum theory, we should have a quantization scheme respecting topological nature.
However in the usual scheme of canonical quantization and perturbation method, the
global aspects are obscure. On the other hand it is known [1], [2] that there exist
an innite number of inequivalent quantizations on a topologically nontrivial man-
ifold even when it is a nite-dimensional manifold. In this note we consider the
abelian sigma model in (1+1) dimensions to explore a system having innite degrees




. For detail see the
reference [3].
2. Ohnuki-Kitakado representation
We briey review quantum mechanics of a particle on S
1
[1]. Let us assume that a
unitary operator
^
U and a self-adjoint operator
^















P are called a position operator and a momentum operator,
respectively [4].
A representation space is constructed as follows. Let ji be an eigenvector of
^
P
with a real eigenvalue ;
^
P ji =  ji. Assume that hji = 1. The commutator
(1) implies that the operator
^
U increases an eigenvalue of
^





ji (n = 0;1;2;   ); (2)
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1
it is easily seen that
^
P jn+ i = (n + ) jn+ i;
^
U jn+ i = jn+ 1 + i: (3)
Unitarity of
^
U and self-adjointness of
^
P imply that





denote the Hilbert space dened by completing the space of nite linear
combinations of jn + i (n = 0;1;2;   ). By (3), H

becomes an irreducible




are unitary equivalent if and
only if the dierence (  ) is an integer. Consequently there exists an inequivalent
representation for each value of the parameter  ranging over 0   < 1. Physical
signicance of  is further discussed in the reference [4].
3. Algebra
Next we shall propose an algebra of the sigma model. In the context of classical




). Let   = Map(S
1
;U(1))
a group by pointwise composition. The group   acts on the conguration space Q
by pointwise action of U(1) on S
1
. To quantize this system let us assume that
^
()




V () is a unitary operator for each













































In the last line a function c :    ! R is called a central extension, which satises




















) (mod2). We call
the algebra (5)-(7) the fundamental algebra of the abelian sigma model. To consider
















g() d = 0g, and m 2 Z.
For 
1
shown at (8) and 
2








































where k is a non-zero integer. This central extension is the simplest but nontrivial

















). The group   associated with such an invariant central extension
is called a Kac-Moody group [5].
a. Algebra without central extension : To clarify geometrical implication of the




V . At rst we put
c  0. We introduce a unitary operator
^




Expressing rigorously '^() is an operator-valued distribution. exp(i'^()) must be regularized













N) = 1, which is called the integer condition for
^
N . We demand that the
quantum eld
^









Geometrical meaning of this decomposition is apparent;
^
U describes the zero-mode
or collective motion of the eld
^
; '^ describes uctuation or local degrees of freedom;
^




N . Next, corresponding to (8) we introduce a self-adjoint operator
^
P , self-adjoint






^() d = 0, and a unitary operator
^














































and all other commutators vanish. In (13) the -function is periodic with the period-
icity 2. Observing the relation (14) we call
^
W the winding operator.
b. Algebra with central extension : If the central extension (9) is included, the
decomposition (11) of
^
V should be modied a little. It is replaced by
^




































(16) says that the zero-mode momentum
^
P is decreased by 2k units when the winding
number
^
N is increased by one unit under the operation of
^
W . This is an inevitable
consequence of the central extension. We call this phenomenon \twist".
4. Representations
a. Without the central extension : Representations of the algebra dened by (12)-(14)









W are unitary. Both of the relations (12) and (14) are isomorphic















N jn + i = (n + ) jn + i and
^
W jn + i = jn + 1 + i. The value of  is
3
arbitrary. However  is restricted to be an integer if we impose the integer condition
exp(2i
^
















































(m;n = 1;2;   ) (19)
with the other vanishing commutators. Hence the ordinary Fock space F gives a
representation of a^'s and a^
y







(0   < 1) gives an irreducible representation of the algebra (12)-(14).
b. With the central extension : Representations of the algebra dened by (12),
(13), (14), (16) and (17) and other vanishing commutators are also constructed in a
similar way. The twist relation (16) is represented by
(
^
P j p + ; ni = (p + ) j p + ; ni;
^
U j p + ; ni = j p + 1 + ; ni;
^
N j p + ; ni = nj p + ; ni;
^
W j p + ; ni = j p  2k + ; n+ 1i:
(20)
The Hilbert space formed by completing the space of linear combinations of j p+; ni
is denoted by T
k
. (T indicates \twist".) Taking the anomalous commutator (17)


































It should be noticed that only positive n's appear in the expansion of ^ even though




(0   < 1) gives an irreducible representation of the fundamental algebra.
Acknowledgment
I thank deeply Yoonbai Kim, who encouraged me to attend the winter school.
References
[1] Y. Ohnuki and S. Kitakado, J. Math. Phys. 34 (1993) 2827.
[2] G. W. Mackey, Induced Representations of Groups and Quantum Mechan-
ics, (W. A. Benjamin, INC., New York, 1968); N. P. Landsman and N. Linden,
Nucl. Phys. B365 (1991) 121; S. Tanimura, Nagoya University preprint DPNU-93-
21 (1993), hep-th/9306144.
[3] S. Tanimura, Phys. Lett. 340B (1994) 57; Nagoya University preprint DPNU-
94-60 (1994), hep-th/9412174 (submitted to Nucl. Phys.).
[4] S. Tanimura, Prog. Theor. Phys. 90 (1993) 271.
[5] G. Segal, Commun. Math. Phys. 80 (1981) 301.
4
